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Abstract
We exploit the parallel between dynamical black holes and cosmologi-
cal spacetimes to describe the evolution of Friedmann-Lemaˆıtre-Robertson-
Walker universes from the point of view of an observer in terms of the dy-
namics of the apparent horizon. Using the Hayward-Kodama formalism of
dynamical black holes, we clarify the role of the Clausius relation to derive
the Friedmann equations for a universe, in the spirit of Jacobson’s work on
the thermodynamics of spacetime. We also show how dynamics at the hori-
zon naturally leads to the quantum-mechanical process of Hawking radiation.
We comment on the connection of this work with recent ideas to consider our
observable Universe as a Bose-Einstein condensate and on the corresponding
role of vacuum energy.
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Since the early proposal of ’t Hooft [1] and Susskind [2], the striking
parallel between the dynamics of our observable Universe and the dynamics
of black holes has been stressed. This has led to the formulation of the
holographic principle (see [3] for a review). This has also a deep relation
with the AdS/CFT correspondence [4]. On the side of the gravity theory,
two seminal works have provided a complementary perspective on the issue.
G. Gibbons and S. Hawking [5] have shown that the close connection between
event horizons and thermodynamics which has been found in the case of black
holes can be extended to cosmological models. And Jacobson [6] proved that
the Clausius relation δQ = TdS, familiar to black hole dynamics, applied to
local Rindler horizons allows to recover Einstein’s equations.
In this article, we study the connection between these results in the con-
text of Friedmann-Lemaˆıtre Robertson-Walker (FLRW) with spherical sym-
metry. Because cosmology is dynamics, we are using the formalism of Hay-
ward and Kodama [7, 8] which was devised to describe dynamical black holes.
As we will see, the notion of apparent horizon, which separates trapped and
untrapped surfaces is central to the study.
Our motivation is to identify which part of our classical Universe is rel-
evant for understanding the evolution of the Universe, from our standpoint
of observers. This is important if we wish to see this classical Universe as
resulting from some measurement process in the quantum mechanical sense.
Or more precisely if we want to identify where relevant information accessible
to us, as observers, lies in spacetime.
In the next Section, we review the formalism that we will use, borrowed
from the study of dynamical black holes, and we apply it to cosmologies of
FLRW type. In Section 2, we show how the Clausius relation of thermo-
dynamics applied to the apparent horizon leads to the dynamical evolution
of the universe according to the standard laws of FLRW cosmology. In the
next Section, we move from thermodynamics to quantum mechanics (in the
semi-classical limit) and show how Hawking radiation can be understood in
this context. Finally in Section 4, we interpret the results presented.
1 Black hole dynamics vs cosmic dynamics
We recall in this Section the formulation of Hayward [7] and Kodama [8] for
black hole dynamics, before applying it to cosmology. The major advantage
for us is that this makes the apparent horizon play a natural role (whereas
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the standard approach focuses on the event horizon), which is easily adapted
to the cosmological considerations that follow. For simplicity, we consider
only spherically symmetric spacetimes: this is general enough to be able to
apprehend the dynamics at play in the apparent horizon. We thus consider
the following spherically symmetric 4-dimensional metric (with a signature
(-,+,+,+)):
ds2 = γij(x)dx
idxj +R2(x)dΩ2 , (1)
where the two coordinates xi (x0 = t, x1 = r) run over the radial-temporal
plane, and R is a function of t and r.
In this context, the total gravitational energy enclosed in a sphere of
physical radius R is believed to be the Misner-Sharp energy [9]:
E(R) ≡ R
2G
(1−∇aR∇aR) , (2)
where G is Newton’s constant.
A sphere is (anti)trapped, marginal or normal depending on whether ∇aR
is timelike, null or spacelike. Hence, the surface defined by the condition
∇aR∇aR = 0 (3)
corresponds to the hypersurface limiting trapped from normal surfaces: it
is the apparent horizon, corresponding at a given time to a sphere of radius
RA(t) (solution of (3)). We deduce that the gravitational energy (2) enclosed
in the apparent horizon is simply
E(RA) =
RA
2G
, (4)
an expression familiar from the Schwarzschild black hole.
In black hole (spherically symmetric) dynamics, one has to replace the
classical notion of Killing vector familiar to the stationary black hole case,
by the Kodama vector [8]:
Ka ≡ ǫab
⊥
∇bR (5)
where ǫab
⊥
is the (1 + 1) antisymmetric tensor field in the (t, r) plane. The
Kodama vector lies in this plane and is divergence free:
∇aKa = 0 . (6)
It satisfies
Ka∇aR = 0 , KaKa = −∇aR∇aR , (7)
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which allows to express the Misner-Sharp energy (2) in terms of KaKa.
A central quantity is the energy flux vector [7]
ψa ≡ Tab∇bR + ω∇aR , (8)
where Tab is the energy-momentum tensor and
ω ≡ −1
2
T ijγij . (9)
It measures in particular the departure of the Kodama vector from being a
Killing vector (compare with ∇aξb +∇bξa = 0 for a Killing vector ξa)
Ka (∇aKb +∇bKa) = 8πGRψb (10)
The Unified First Law of black hole dynamics [7] then reads
∇aE = Aψa + ω∇aV , (11)
where A = 4πR2 and V = 4pi
3
R3 are the usual area and volume of the sphere
in flat coordinates.
The second term in (11) is interpreted as a work done by the change of
the apparent horizon. In order to better understand the first term, and to see
in what sense this is the first law of black hole dynamics, we must introduce
the surface gravity, which is defined through [7]
Ka (∇aKb −∇bKa) = 2κ∇bR . (12)
Useful expressions are
κ = G
E
R2
− 4πωRG , (13)
and
κ =
1
2
div grad R =
1
2
√−γ ∂i
[√−γγij∇jR] . (14)
One can then write the first term in the Unified Law as
Aψa =
κ
8πG
∇aA+R∇a
(
E
R
)
(15)
Let us now introduce a vector ta tangent to the apparent horizon, which is
thus defined by
ta∇a
[∇bR∇bR] = 0 . (16)
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Using the definition of Misner-Sharp energy (2), we see that3 ta∇a[E/R] = 0.
Hence, projecting the Unified First Law tangentially to the apparent horizon,
we obtain, using (11) and (15),
dE ≡ ta∇aE = κ
8πG
dA+ ωdV , (17)
where dA = ta∇aA and dV = ta∇aV . We recognize in the first term the
Clausius relation δQ = TdS with the entropy S identified with the area A of
the apparent horizon divided by 4G, and
T =
κ
2π
. (18)
The first who extended this formalism to cosmology and who stressed the
role of the apparent horizon in this context were Bak and Rey in 1999 [10].
This was followed by a rather extended literature (see for example [11, 12]
and references therein).
From now on, we will focus on Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) geometries:
ds2 = −dt2 + a2(t) dr
2
1− kr2 +R
2dΩ2 , R = ra(t) . (19)
Then ∇tR = RH and ∇rR = a, where H ≡ a˙/a as usual. It follows from
(3) that, on the apparent horizon 1− kr2 = R2H2 and thus
R2A =
1
H2 + k/a2
. (20)
Also, the Misner-Sharp energy (2) reads
E =
R3
2G
[
H2 +
k
a2
]
. (21)
We will suppose in what follows that the Universe is filled with a (possi-
bly composite) perfect fluid of energy density ρ and pressure p. Then the
3This is often incorrectly stated in the literature by saying that the term ∇a(E/R)
vanishes on the apparent horizon.
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Friedmann equation H2 + k/a2 = 8πGρ/3 leads to the seemingly obvious
result
E =
4π
3
R3ρ . (22)
It has been stressed by many authors that it is surprising to see here the
flat space volume (even for k 6= 0): gravitational energy and the perfect
fluid energy conspire (together with spherical symmetry) to give this familiar
looking contribution.
The Kodama vector has the following components:
Kt =
√
1− kr2 , Kr = −Hr
√
1− kr2 . (23)
One may note that on the apparent horizon Ka = −∇aR. Also in the de
Sitter limit (k = 0 and H constant), we have Kt = −1 and Kr = −aHR:
in other words, the Kodama vector coincides with the dilatational Killing
vector ξa.
From (8), one obtains the components of the energy flux vector:
ψt = −1
2
(ρ+ p)RH , ψr =
1
2
(ρ+ p)a . (24)
We note that, in the de Sitter limit (ρ + p = 0), ψa = 0, in agreement with
the fact that, in this limit, one should recover the Killing equation from
(10). This seems in contradiction with the role played by ψa for recovering
the Clausius relation (see (17)). We will explain in the next section this
apparent contradiction.
Finally, we give the explicit form of the surface gravity (13) or (14):
κ = −R
2
[
2H2 + H˙ +
k
a2
]
. (25)
2 A closer look at the dynamics at the ap-
parent horizon
As recalled in the Introduction, Jacobson [6, 13] has shown that one recov-
ers Einstein equations from the Clausius relation applied to a local Rindler
horizon. More precisely, the fraction rate of increase of the area element of a
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local Rindler horizon with respect to the affine parameter λ is the expansion
θ of the null congruence of horizon generators:
δA =
∫
θdλdA . (26)
where λ is the affine parameter. The geodesic deviation equation gives the
Raychaudhuri equation for the expansion (see for example [14], chapter 9):
dθ
dλ
= −1
2
θ2 − σ2 − Rabkakb , (27)
where σ2 = σabσ
ab is the squared shear of the congruence, Rab the Ricci
tensor and ka is the (null) affine tangent vector to the congruence. At the
local Rindler horizon, θ2 and σ2 vanish; thus θ = −λRabkakb and
δA = −
∫
λRabk
akbdλdA
∣∣∣∣
H
. (28)
The Clausius relation δQ = TdS, with T = κ/(2π) and dS = ηδA (η constant
to be determined) thus reads:
δQ = − κ
2π
∫
ηλRabk
akbdλdA
∣∣∣∣
H
. (29)
On the other hand, introducing the local boost Killing vector ξa, one may
write the energy flux through the element of horizon surface dΣa = kadλdA
as
δQ =
∫
Tabξ
adΣb = −κλ
∫
Tabk
akbdλdA
∣∣∣∣
H
, (30)
where we used ξa = −κλka. Comparing (29) and (30) we obtain Tabkakb =
ηRabk
akb/(2π)for all null ka, which implies (2π/η)Tab = Rab + fgab for some
function f , which is easily determined to be f = −Raa+Λ. One thus recovers
Einstein’s equations with a cosmological constant Λ, for η = 1/(4G).
It is essential in Jacobson’s derivation to consider the locus of vanishing
expansion (in his case the local Rindler horizon, since it is instantaneously
stationary). At a more global level, this is precisely the definition of the
apparent horizon. One may thus expect that the Clausius relation applied to
the apparent horizon allows to recover the dynamics of FLRW. This is what
we will now prove, using the formalism introduced in the previous section.
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In particular, as we will see, when going from local Rindler horizon to the
apparent horizon, the Killing vector is replaced by the Kodama vector.
In order to describe the appropriate null geodesic congruences, we define
the null vectors
ka ≡ 1
2
(
1,−
√
1− kr2
a
, 0, 0
)
, (31)
la ≡ 2
(
1,
√
1− kr2
a
, 0, 0
)
. (32)
The vector ka, tangent to the light rays, is chosen to describe the future-
oriented ingoing null congruence. And the vector la is introduced in such a
way that kala = −2. In this way, the metric [3]
hab ≡ gab + 1
2
(kalb + kbla) (33)
is the induced metric on the 2-spheres (at fixed r and t). Then, the expansion
is defined as [14]
θ = hcd∇ckd , (34)
where hcd is the inverse induced metric. It follows that the expansion for the
future-directed ingoing null geodesic congruence is simply [10]
θ = H − 1
R
√
1− kr2 . (35)
We check that the apparent radius (20) corresponds to vanishing expansion.
We also note that, on the apparent horizon, the vector ka just introduced is
aligned with the Kodama vector Ka in (23) (and thus with ∇aR as well):
ka|H =
1
2
(−1,− a
HR
, 0, 0) =
1
2HRA
Ka|H (36)
As emphasized above, the apparent radius is time-dependent: we have from
(20)
2R˙A
HRA
= 2
(
1− H
2 + H˙
H2 + k/a2
)
≡ β2 . (37)
The notation β is motivated by the fact that, in the (A)dS/CFT correspon-
dence, this is nothing but the beta function of the associated renormalisation
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group flow, as we will discuss below4. We note that the surface gravity (25)
simply reads
κ = − R
R2A
(
1− β
2
4
)
(38)
Finally, we have introduced in (16) the vector ta tangent to the apparent
horizon, which satisfies ta∇a [E/R] = 0. One easily checks that, up to a
normalization factor,
ta =
1
2
(
1,−RH
a
(1− β2/2), 0, 0
)
=
(
1− β
2
4
)
ka +
β2
16
la . (39)
We have seen above that the Clausius relation is obtained directly from
projecting the Unified First Law tangentially to the apparent horizon. Since
we have, on the apparent horizon, laψa = 0 as well as the identification (36),
we obtain from (8)
taψa|H =
(
1− β2/4) kaψa|H = − κRAkaψa|H = − κ2H Kaψa|H
=
κ
2H
TabK
aKb
∣∣
H
, (40)
where we have used (38) as well as the fact that, on the apparent horizon,
Ka = −∇aR (both of them being null). We note the similarity with (30)
where the role of the Killing vector is now played by the Kodama vector.
We thus obtain (A = 4πR2)
Ataψa|H = 2πκHR4A(p + ρ) . (41)
whereas one gets from (15):
Ataψa|H =
κ
8πG
ta∇aA|H =
κRA
G
ta∇aR|H =
1
4G
β2κHR2A . (42)
Hence
β2 = 8πGR2A(p+ ρ) , (43)
4Note that de Sitter i.e. k = 0 and H constant, corresponds to a zero of the beta
function.
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or equivalently, using (37),
H˙ − k
a2
= −4πG(p+ ρ) . (44)
We have thus recovered the dynamics of FLRW universes from the Clausius
relation.
We understand why the flux vector ψa vanishes for a de Sitter spacetime
(p + ρ = 0): in that case there is no dynamics at the apparent horizon. We
also see that the dynamics at the apparent horizon is fully described by the
holographic beta function.
3 Hawking radiation at the apparent horizon
The preceding considerations have been purely thermodynamical. We now
proceed to consider the quantum mechanical process of Hawking radiation
[18]. Hawking radiation at the apparent horizon has been considered by
many authors, both for dynamical black holes or cosmological universes [11,
15, 16, 19]. We will follow here the Hamilton-Jacobi formulation of the Pauli-
Wilczek tunneling method [17], more precisely the work of Ref.[18] on black
holes.
We start by rewriting the metric (19) in terms of the retarded u and
advanced v conformal time coordinates:
ds2 = −a2
(
u+ v
2
)
dudv +R2dΩ2 , (45)
u ≡ η − χ , v ≡ η + χ , dη ≡ dt
a(t)
, dχ ≡ dr√
1− kr2 .(46)
We then move to the outgoing Eddington-Finkelstein coordinates where the
metric takes the following form:
ds2 = −e2ΨCdU2 − 2eΨdUdR +R2dΩ2 , (47)
with (du = dU)
e2ΨC = a2∂Uv , 2e
Ψ = a2∂Rv , (48)
which requires ∂Rv > 0. We have more explicitly
C = 1− kr2 − R2H2 = 1− 2GE
R
, (49)
eΨ =
a√
1− kr2 +RH . (50)
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Since U is a retarded time, any trapped (C < 0) or marginal (C = 0) surface
is past trapped or marginal, as expected in our cosmological set up.
The Kodama vector is simply K = e−Ψ∂U and the surface gravity (14)
simply reads
κ =
1
2
(∂RC + C∂RΨ) . (51)
We see that, close to the apparent horizon, where C ∼ 0, we have κ ∼ ∂RC/2.
The BKW approximation of the tunneling probability along the classically
forbidden trajectory from outside the horizon to inside takes the form5:
Γ ∝ exp
(
−2ImI
h¯
)
, (52)
where ImI is the imaginary part of the action I on the classical trajectory,
to leading order in h¯.
We consider a massless scalar field φ ≡ φ0 exp (iI). The equation of
motion is the Hamilton-Jacobi equation:
gab∇aI∇bI = 0 . (53)
The classical action I simply reads
I = −
∫
ωeΨdU +
∫
kdR , (54)
where we have introduced the Kodama energy ω ≡ −Ka∇aI = −e−Ψ∂UI
and k ≡ ∂RI. Then, from (53), one obtains
k(Ck + 2ω) = 0 . (55)
The solution k = 0 corresponds to outgoing solutions6, whereas k = −2ω/C
corresponds to ingoing solutions. Near the apparent horizon, C ∼ (R −
RA)∂RC ∼ 2κ(R−RA). Hence the ingoing solution contributes to the imag-
inary part of the action
Im I = Im
∫ −ω
κ(R− RA − i0)dR = −
πω
κ
(56)
5We restore h¯ solely for this equation but set it to 1 everywhere else.
6One easily shows that, on the apparent horizon, k ∝ ∂ηI + ∂χI. Hence k = 0 corre-
sponds to I(η − χ) i.e. outgoing solutions.
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The probability (52) takes the thermal form γ = exp(−ω/T ) with the tem-
perature
T = − κ
2π
. (57)
Note the difference of sign with respect to (18), which is consistent with the
fact that, in the cosmological set up, the surface gravity κ is negative (for
p < ρ/3, see (38)) [19].
We see that, contrary to the black hole case, the relevant modes are
ingoing, which is compatible with the fact that the observer is not at infinity,
as in the black hole, but at the center (r = 0): Hawking radiation is aimed
at this central observer.
It is informative also to work with Kodama time [12]. Indeed, introducing
the Kodama time τ by writing
dτ = dU +
e−Ψ
C
dR , (58)
the metric (47) simply reads:
ds2 = −e2ΨCdτ 2 + 1
C
dR2 +R2dΩ2 . (59)
In this metric, the Kodama vector is simply K = e−Ψ∂τ . A fiducial observer
has a 4-velocity parallel to the Kodama vector Ua = (e−Ψ/
√
C, 0, 0, 0). The
only non-vanishing component of its acceleration Aa = U b∇bUa is A1 =
C∂RΨ+
1
2
∂RC. Hence defining A
2 ≡ AaAa, we have
A =
1√
C
(
C∂RΨ+
1
2
∂RC
)
, (60)
The Unruh temperature measured at R is then given by the Kodama energy
e−ΨA/(2π):
TU(R) = e
−Ψ(R) 1
2π
√
C(R)
∣∣∣∣C∂RΨ+ 12∂RC
∣∣∣∣ (R) , (61)
and the temperature measured by an observer at the origin is obtained by
multiplying by the redshift factor |gττ |1/2:
TU,0(R) =
|gττ |1/2 (R)
|gττ |1/2 (0)
TU(R) =
1
2π
∣∣∣∣C∂RΨ+ 12∂RC
∣∣∣∣ (R) , (62)
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In particular, one recovers the Hawking temperature (57) by going to the
apparent horizon where C = 0:
T = TU,0(R = RA) =
1
4π
|∂RC|H =
|κ|
2π
. (63)
4 The quantum portrait of our visible Uni-
verse
We conclude by proposing an interpretation of the results above. We have
seen that a genuine dynamics for the evolution of the Universe appears only
when one departs from the de Sitter regime. Indeed, the formalism that
we have used has allowed us to make a precise description of this departure
in terms of horizon dynamics. The beta function β2 = 2R˙A/(HRA) (see
(37)) is non-vanishing, due to the energy content of the Universe: as we have
seen in (43) β2 = 8πGR2A(p + ρ). We note that all forms of energy besides
vacuum energy generate a nonzero beta function. This function is nothing
but the holographic beta function introduced in the context of AdS/CFT
correspondence [4]: it quantifies the renormalisation group flow associated
with departures from conformal symmetry. On the gravitational side, this
means that there is no arrow of time in the context of de Sitter geometry (a
fixed point of the beta function). The arrow of time is induced by forms of
energy other than vacuum energy.
In [20], we promoted the idea that the classical Universe that we observe
results from a projection of the quantum state of the Universe through the
measurement process. Since time is intrinsically associated with this mea-
surement process, this implies a departure from conformal symmetry, or in
other words a nonzero beta function. Our results presented in this paper
indicate that the classical Universe that we should consider is the spacetime
region bounded by the apparent horizon. We showed in [20], using a model of
the classical Universe as a Bose-Einstein condensate (in analogy with black
holes [21]), that such a region filled with vacuum energy corresponds to max-
imal entropy, and thus maximal probability. Again, the process of measure-
ment leads to a departure from such a de Sitter regime. The renormalization
group flow will eventually lead to another fixed point and a return to the de
Sitter regime.
One may be surprised to find that the apparent horizon plays a central
role in this picture: we are presently seeing galaxies and stellar objects such
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as GRBs which are beyond the apparent horizon (but within our particle
horizon). Let us first note that a key assumption in our analysis is spherical
symmetry. We must thus consider a spherical shell that lies just outside the
apparent horizon and enters it during the time δt that we make observations.
This is represented in Figure 1, in the example of a spatially flat Universe.
In this case, the apparent horizon is simply the Hubble horizon and includes
all points that recede from the central observer at a speed smaller than
the speed of light. Outside the horizon, because of the expansion, photons
emitted towards the observer recede from him (in proper distance) until they
are overcome by the apparent horizon: from then onwards, they move closer
to the observer. If observation lasts δt, an infinitesimal section of spacetime
(limited by the two corresponding light cones, as seen from Figure 1) moves
into the apparent horizon. The corresponding information is encoded into
the Hawking radiation that reaches the observer.
This work may be pursued along several lines. First, one may relax the
assumption of spherical symmetry in order to be able to encode non-spherical
fluctuations. Second, the picture that emerges shows some definite differences
with the leaking Bose-Einstein model of black hole proposed by Dvali and
Gomez [21, 22] because Hawking radiation leaks into the observable patch of
the Universe.
Finally, the fertile parallel between cosmological Universe and black hole
may in return be an inspiration to understand the dynamics of nonstatic
black holes, in particular the presence or absence of event horizon [23, 24].
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